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Doping dependence of thermodynamic properties in cuprate superconductors
Huaisong Zhao, Lu¨lin Kuang, and Shiping Feng
Department of Physics, Beijing Normal University, Beijing 100875, China
The doping and temperature dependence of the thermodynamic properties in cuprate supercon-
ductors is studied based on the kinetic energy driven superconducting mechanism. By considering
the interplay between the superconducting gap and normal-state pseudogap, the some main features
of the doping and temperature dependence of the specific-heat, the condensation energy, and the
upper critical field are well reproduced. In particular, it is shown that in analogy to the dome-
like shape of the doping dependence of the superconducting transition temperature, the maximal
upper critical field occurs around the optimal doping, and then decreases in both underdoped and
overdoped regimes. Our results also show that the humplike anomaly of the specific-heat near su-
perconducting transition temperature in the underdoped regime can be attributed to the emergence
of the normal-state pseudogap in cuprate superconductors.
PACS numbers: 74.25.Bt, 74.20.Mn, 74.20.-z, 74.72.-h
I. INTRODUCTION
The doping and temperature dependence of the ther-
modynamic properties for cuprate superconductors has
been the subject of much experimental and theoretical
investigation1. In the conventional superconductors2, the
absence of the low-energy electron excitations is reflected
in the thermodynamic properties, such as the specific
heat Cv. Although small deviations from exponential
behavior have been observed in some conventional super-
conductors at the low-temperatures, the specific heat of
the most conventional superconductors is experimentally
found to be exponential at the low-temperatures, since
the conventional superconductors are fully gaped2. How-
ever, the characteristic feature of cuprate superconduc-
tors is the existence of four nodes on the Fermi surface3,
where the d-wave superconducting (SC) gap vanishes
∆¯(k)|at nodes = ∆¯(coskx − cosky)|at nodes = 0. In this
case, the thermodynamic properties for cuprate super-
conductors are decreased as some power of the temper-
ature. Moreover, since cuprate superconductors are the
doped Mott insulators, obtained by chemically adding
charge carriers to a strongly correlated antiferromag-
netic insulating state3, the thermodynamic properties of
cuprate superconductors mainly depend on the extent of
dopings, and the regimes have been classified into the un-
derdoped, optimally doped, and overdoped, respectively.
Experimentally, by virtue of systematic studies us-
ing the heat capacity measurement technique, some es-
sential features of the evolution of the specific-heat in
cuprate superconductors with doping and temperature
have been established now4–8, where the specific-heat in
both the SC-state and normal-state in the underdoped
regime shows anomalous properties when compared with
the case in the optimally doped and overdoped regimes.
The early heat capacity measurements4–6 showed that
the specific-heat of cuprate superconductors in the un-
derdoped regime was highly anomalous and deviated
strongly from a simple d-wave Bardeen-Cooper-Schrieffer
(BCS) form, and the anomalies are a marked reduction
in the size of the specific-heat jump near the SC transi-
tion temperature Tc and a depression in the normal state
above Tc. Later, the heat capacity measurements
7 indi-
cated that the specific-heat has a humplike anomaly near
Tc and behaves as a long tail in the underdoped regime,
while in the heavily overdoped regime, the anomaly ends
sharply just near Tc. Moreover, it was argued these
anomalous specific-heat results as evidence that in the
underdoped regime the pseudogap is an intrinsic feature
of the normal-state density of states that compets with
the SC condensate for the low energy spectral weight4,8.
Furthermore, by virtue of the magnetization measure-
ment technique, the value of the upper critical field and
its doping and temperature dependence have been ob-
served for all the temperature T ≤ Tc throughout the
SC dome9–15, where at the low temperatures, the upper
critical field becomes larger as one moves from the un-
derdoped regime to the optimal doping, and then falls
with increasing doping in the overdoped regime, form-
ing a domelike shape doping dependence like Tc. How-
ever, at a given doping concentration, the temperature
dependence of the upper critical field follows qualita-
tively the pair gap temperature dependence9–15. Al-
though the doping and temperature dependence of the
thermodynamic properties for cuprate superconductors
are well-established experimentally4–15 and an agree-
ment has emerged theoretically that the specific-heat of
cuprate superconductors in the underdoped regime is not
describable within the simple d-wave BCS formalism, its
full understanding is still a challenging issue. In par-
ticular, the specific-heat of cuprate superconductors has
been calculated based on a phenomenological theory of
the normal-state pseudogap state16, and the results show
that the strong suppression of the specific-heat jump near
Tc and the corresponding reduction in condensation en-
ergy with increased underdoping can be understood as
due to the emergence of a pseudogap. However, up to
now, the thermodynamic properties of cuprate supercon-
ductors have not been treated starting from a microscopic
SC theory, and no explicit calculations of the doping and
temperature dependence of the upper critical field has
been made so far.
2In our recent study17, the interplay between the SC
gap and normal-state pseudogap in cuprate supercon-
ductors is studied based on the kinetic energy driven
SC mechanism18, where we show that the interaction
between charge carriers and spins directly from the ki-
netic energy by exchanging spin excitations in the higher
power of the doping concentration induces the normal-
state pseudogap state in the particle-hole channel and the
SC-state in the particle-particle channel, then there is a
coexistence of the SC gap and normal-state pseudogap
in the whole SC dome. In particular, this normal-state
pseudogap is closely related to the quasiparticle coherent
weight, and therefore it is a necessary ingredient for su-
perconductivity in cuprate superconductors. Moreover,
both the normal-state pseudogap and SC gap are domi-
nated by one energy scale, and they are the result of the
strong electron correlation. In this paper, we start from
this theoretical framework17, and then provide a natural
explanation to the doping and temperature dependence
of the thermodynamic properties in cuprate supercon-
ductors. We evaluate explicitly the specific-heat and up-
per critical field, and qualitatively reproduced some main
features of the heat capacity and magnetization measure-
ments on cuprate superconductors4–15. In particular, we
show that in analogy to the domelike shape of the doping
dependence of the SC transition temperature, the upper
critical field increases with increasing doping in the un-
derdoped regime, and reaches a maximum in the opti-
mal doping, then decreases with increasing doping in the
overdoped regime.
The rest of this paper is organized as follows. We
present the basic formalism in Section II, and then the
quantitative characteristics of the doping and temper-
ature dependence of the thermodynamic properties are
discussed in Section III, where we show that the humplike
anomaly of the specific-heat near Tc in the underdoped
regime can be attributed to the emergence of the normal-
state pseudogap in cuprate superconductors. Finally, we
give a summary in Section IV.
II. THEORETICAL FRAMEWORK
In cuprate superconductors, the characteristic feature
is the presence of the CuO2 plane
3. In this case, it is com-
monly accepted that the essential physics of the doped
CuO2 plane
19 is captured by the t-J model on a square
lattice,
H = −t
∑
lηˆσ
C†lσCl+ηˆσ + t
′
∑
lηˆ′σ
C†lσCl+ηˆ′σ + µ
∑
lσ
C†lσClσ
+ J
∑
lηˆ
Sl · Sl+ηˆ, (1)
where ηˆ = ±xˆ,±yˆ, ηˆ′ = ±xˆ ± yˆ, C†lσ (Clσ) is the elec-
tron creation (annihilation) operator, Sl = (S
x
l , S
y
l , S
z
l )
are spin operators, and µ is the chemical potential.
This t-J model (1) is in the Hilbert subspace with no
doubly occupied electron states on the same site, i.e.,∑
σ C
†
lσClσ ≤ 1. To incorporate this electron single occu-
pancy local constraint, the charge-spin separation (CSS)
fermion-spin theory20,21 has been proposed, where the
physics of no double occupancy is taken into account
by representing the electron as a composite object cre-
ated by Cl↑ = h
†
l↑S
−
l and Cl↓ = h
†
l↓S
+
l , with the spin-
ful fermion operator hlσ = e
−iΦlσhl that describes the
charge degree of freedom of the electron together with
some effects of spin configuration rearrangements due
to the presence of the doped hole itself (charge carrier),
while the spin operator Sl represents the spin degree of
freedom of the electron, then the electron single occu-
pancy local constraint is satisfied in analytical calcula-
tions. In this CSS fermion-spin representation, the t-J
model (1) can be expressed as,
H = t
∑
lηˆ
(h†l+ηˆ↑hl↑S
+
l S
−
l+ηˆ + h
†
l+ηˆ↓hl↓S
−
l S
+
l+ηˆ)
− t′
∑
lηˆ′
(h†l+ηˆ′↑hl↑S
+
l S
−
l+ηˆ′ + h
†
l+ηˆ′↓hl↓S
−
l S
+
l+ηˆ′)
− µ
∑
lσ
h†lσhlσ + Jeff
∑
lηˆ
Sl · Sl+ηˆ, (2)
where Jeff = (1− δ)
2J , and δ = 〈h†lσhlσ〉 = 〈h
†
lhl〉 is the
charge carrier doping concentration.
For discussions of the doping and temperature depen-
dence of the thermodynamic properties in cuprate su-
perconductors, we need to evaluate the internal energy
of the system, which can be separated into two parts in
the CSS fermion-spin representation as,
Utotal(T, δ) = Ucharge(T, δ) + Uspin(T, δ), (3)
with Ucharge(T, δ) and Uspin(T, δ) are the corresponding
contributions from the charge carriers and spins, respec-
tively, and can be expressed as,
Ucharge(T, δ) = 2
∞∫
−∞
dω
2pi
ωρcharge(ω, T, δ)nF (ω), (4a)
Uspin(T, δ) =
∞∫
−∞
dω
2pi
ωρspin(ω, T, δ)nB(ω), (4b)
where ρcharge(ω, T, δ) is the charge carrier density of
states, ρspin(ω, T, δ) is the spin density of states, and the
two in the charge carrier part of the internal energy is for
spin degeneracy, while nF (ω) and nB(ω) are the fermion
and boson distribution functions, respectively.
As in the conventional superconductors, the key phe-
nomenon occurring in cuprate superconductors in the SC
state is the pairing of charge carriers3. The system of
charge carriers forms pairs of bound charge carriers in the
SC state, while the pairing means that there is an attrac-
tion between charge carriers. For a microscopic descrip-
tion of the SC-state of cuprate superconductors, the ki-
netic energy driven SC mechanism18 has been developed
3based on the CSS fermion-spin theory20,21, where the at-
traction between charge carriers mediated by the spin ex-
citations occurs directly through the kinetic energy, then
the electron Cooper pairs originating from the charge car-
rier pairing state are due to the charge-spin recombina-
tion, and their condensation reveals the SC ground-state.
In particular, the SC transition temperature is identical
to the charge carrier pair transition temperature. Within
this kinetic energy driven SC mechanism, we have dis-
cussed the interplay between the SC-state and normal-
state pseudogap state in cuprate superconductors17, and
the obtained phase diagram with the two-gap feature is
consistent qualitatively with the experimental data ob-
served on different families of cuprate superconductors22.
Following these previous discussions17,18, the full charge
carrier diagonal and off-diagonal Green’s functions and
the mean-field (MF) spin Green’s functions can be ob-
tained explicitly as,
g(k, ω) =
U21hk
ω − E1hk
+
V 21hk
ω + E1hk
+
U22hk
ω − E2hk
+
V 22hk
ω + E2hk
, (5a)
Γ†(k, ω) = −
α1k∆¯h(k)
2E1hk
(
1
ω − E1hk
−
1
ω + E1hk
)
+
α2k∆¯h(k)
2E2hk
(
1
ω − E2hk
−
1
ω + E2hk
)
,(5b)
D(0)(p, ω) =
B(p)
2ω(p)
(
1
ω − ω(p)
−
1
ω + ω(p)
)
, (5c)
D(0)z (p, ω) =
Bz(p)
2ωz(p)
(
1
ω − ωz(p)
−
1
ω + ωz(p)
)
, (5d)
respectively, where α1k = (E
2
1hk −M
2
k
)/(E21hk − E
2
2hk),
α2k = (E
2
2hk−M
2
k
)/(E21hk−E
2
2hk), and there are four co-
herent charge carrier quasiparticle bands due to the pres-
ence of the normal-state pseudogap and SC gap, E1hk,
−E1hk, E2hk, and −E2hk, with E1hk =
√
[Ωk +Θk]/2,
E2hk =
√
[Ωk −Θk]/2, and the kernel functions,
Ωk = ξ
2
k +M
2
k + 8∆¯
2
pg(k) + ∆¯
2
h(k), (6a)
Θk =
√
(ξ2
k
−M2
k
)β1k + 16∆¯2pg(k)β2k + ∆¯
4
h(k), (6b)
where β1k = ξ
2
k
−M2
k
+ 2∆¯2h(k), β2k = (ξk − Mk)
2 +
∆¯2h(k), the MF charge carrier excitation spectrum ξk =
Ztχ1γk−Zt
′χ2γ
′
k
−µ, the spin correlation functions χ1 =
〈S+i S
−
i+ηˆ〉, χ2 = 〈S
+
i S
−
i+ηˆ′〉, γk = (1/Z)
∑
ηˆ e
ik·ηˆ, γ′
k
=
(1/Z)
∑
ηˆ′ e
ik·ηˆ′ , Z is the number of the nearest neighbor
or second-nearest neighbor sites, the effective charge car-
rier d-wave pair gap ∆¯h(k) = ∆¯h(coskx − cosky)/2, and
the effective normal-state pseudogap ∆¯pg(k) and energy
spectrum Mk have been given in Ref. 17, while the co-
herence factors,
U21hk =
1
2
[
α1k
(
1 +
ξk
E1hk
)
− α3k
(
1 +
Mk
E1hk
)]
, (7a)
V 21hk =
1
2
[
α1k
(
1−
ξk
E1hk
)
− α3k
(
1−
Mk
E1hk
)]
, (7b)
U22hk = −
1
2
[
α2k
(
1 +
ξk
E2hk
)
− α3k
(
1 +
Mk
E2hk
)]
,(7c)
V 22hk = −
1
2
[
α2k
(
1−
ξk
E2hk
)
− α3k
(
1−
Mk
E2hk
)]
,(7d)
satisfy the sum rule: U21hk + V
2
1hk + U
2
2hk + V
2
2hk = 1,
where α3k = [2∆¯pg(k)]
2/(E21hk − E
2
2hk), while the func-
tions B(p) and Bz(p) and the MF spin excitations ω(p)
and ωz(p) have been given in Refs. 23 and 21, then all
order parameters and chemical potential are determined
by the self-consistent calculation.
With the helps of these full charge carrier diagonal
Green’s function and spin Green’s functions in Eq. (5),
the charge carrier density of states and spin density of
states can be obtained as,
ρcharge(ω, T, δ) =
1
N
∑
k
Acharge(k, ω, T, δ), (8a)
ρspin(ω, T, δ) =
1
2N
∑
k
[Aspin(k, ω, T, δ)
+ A
(z)
spin(k, ω, T, δ)], (8b)
respectively, where the charge carrier spectral function
Acharge(k, ω, T, δ) = −2Img(k, ω), and the spin spec-
tral functions Aspin(k, ω, T, δ) = −2ImD
(0)(k, ω) and
A
(z)
spin(k, ω, T, δ) = −2ImD
(0)
z (k, ω). Substituting these
corresponding charge carrier density of states and the
spin density of states into Eq. (4), and then incorporat-
ing the self-consistent equations17,23, we obtain the in-
ternal energy of cuprate superconductors in the SC-state
as,
U
(s)
total(T, δ) = −
1
N
∑
k
[E1hk(α1k − α3k)th(
1
2
βE1hk)
− E2hk(α2k − α3k)th(
1
2
βE2hk)]
+
1
N
∑
k
ξk + ZJeff(χ1 + χ
z
1), (9)
with the spin correlation function χz1 = 〈S
z
i S
z
i+ηˆ〉. In the
normal-state, where the charge carrier pair gap ∆¯h = 0,
this internal energy is reduced as,
U
(n)
total(T, δ) = −
1
N
∑
k
[E+hkα
(n)
1k th(
1
2
βE+hk)
− E−hkα
(n)
2k th(
1
2
βE−hk)]
+
1
N
∑
k
ξk + ZJeff(χ1 + χ
z
1), (10)
4with α
(n)
1k = (E
+
hk + Mk)/(E
+
hk − E
−
hk), α
(n)
2k =
(E−hk + Mk)/(E
+
hk − E
−
hk), E
+
hk = [ξk − Mk +√
(ξk +Mk)2 + 16∆¯2pg(k)]/2, and E
−
hk = [ξk − Mk −√
(ξk +Mk)2 + 16∆¯2pg(k)]/2.
III. QUANTITATIVE CHARACTERISTICS OF
THE THERMODYNAMIC PROPERTIES
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FIG. 1: The magnitude of the effective normal-state pseudo-
gap parameter (2∆¯pg) (solid line) and effective charge carrier
pair gap parameter (2∆¯h) (dashed line) as a function of dop-
ing for temperature T = 0.002J with parameters t/J = 2.5,
t′/t = 0.3, and J = 110meV. Inset: the corresponding exper-
imental data of cuprate superconductors taken from Ref. 22.
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FIG. 2: (a) The effective charge carrier pair gap parameter
and (b) the effective normal-state pseudogap parameter as a
function of temperature in the doping concentration δ = 0.09
with t/J = 2.5, t′/t = 0.3, and J = 110meV. Inset in (a): the
corresponding experimental data of the pair gap parameter
for the underdoped Bi2Sr2Ca2Cu3O10+δ taken from Ref. 24.
In this section, we discuss some basic behaviors of
the doping and temperature dependence of the ther-
modynamic properties in cuprate superconductors. In
cuprate superconductors, although the values of J , t,
and t′ are believed to vary somewhat from compound
to compound3, however, as in our previous studies17, the
commonly used parameters in this paper are chosen as
t/J = 2.5, t′/t = 0.3, and J = 110meV for a qualitative
discussion. In this case, for a complement of the previous
analysis of the interplay between the SC gap and normal-
state pseudogap in cuprate superconductors17, we replot
the magnitude of the effective normal-state pseudogap
parameter (2∆¯pg) (solid line) and effective charge carrier
pair gap parameter (2∆¯h) (dashed line) as a function of
doping for temperature T = 0.002J in Fig. 1 in compar-
ison with the corresponding experimental results22 ob-
served on different families of cuprate superconductors
(inset). In cuprate superconductors, the charge carrier
pairing gap parameter measures the strength of the bind-
ing of charge carriers into the charge carrier pairs, while
the normal-state pseudogap is closely related to the un-
usual physical properties. Our theoretical results in Fig.
1 reproduce qualitatively the two-gap feature observed
on cuprate superconductors22, and show that the effec-
tive charge carrier pair gap parameter increases with in-
creasing doping in the underdoped regime, and reaches
a maximum in the optimal doping, then decreases with
increasing doping in the overdoped regime18,23. How-
ever, in contrast to the case of the effective charge carrier
pair gap parameter in the underdoped regime, the mag-
nitude of the effective normal-state pseudogap parameter
smoothly increases with decreasing doping in the under-
doped regime, this leads to that the magnitude of the ef-
fective normal-state pseudogap parameter is much larger
than the effective charge carrier pair gap parameter in
the underdoped regime. Moreover, the magnitude of the
normal-state pseudogap parameter seems to merge with
the charge carrier pair gap parameter in the overdoped
regime, eventually disappearing together with supercon-
ductivity at the doping concentrations larger than the
doping concentration δ ∼ 0.27. Furthermore, these ef-
fective charge carrier pair gap parameter and effective
normal-state pseudogap parameter are strongly temper-
ature dependent. To show this point clearly, we plot
(a) the effective charge carrier pair gap parameter and
(b) the effective normal-state pseudogap parameter as
a function of temperature at the doping concentration
δ = 0.09 in Fig. 2. For comparison, the corresponding
experimental result of the pair gap parameter24 for the
underdoped Bi2Sr2Ca2Cu3O10+δ is also shown in Fig. 2
[inset in (a)]. Obviously, both the effective charge car-
rier pair gap parameter and the effective normal-state
pseudogap parameter have a similar temperature depen-
dence, and they decreases with increasing temperatures,
however, the effective charge carrier pair gap parameter
vanishes at Tc, while the effective normal-state pseudo-
gap parameter vanishes at the normal-state pseudogap
crossover temperature T ∗, where T ∗ is much larger than
Tc in the underdoped regime
17.
A. Doping and temperature dependence of the
specific-heat
In the following discussions, we discuss the doping de-
pendence of the specific-heat in cuprate superconductors.
With the helps of Eqs. (9) and (10), the specific-heat can
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FIG. 3: The specific-heat coefficient as a function of temper-
ature at (a) δ = 0.09, (b) δ = 0.15, (c) δ = 0.18, and (d)
δ = 0.25 with t/J = 2.5, t′/t = 0.3, and J = 110meV. Insets:
the corresponding experimental data of Bi2Sr2−xLaxCuO6+δ
taken from Ref. 7.
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FIG. 4: The condensation energy as a function of temperature
at δ = 0.09 (solid line) and δ = 0.15 (dashed line) with t/J =
2.5, t′/t = 0.3, and J = 110meV. Insets: the corresponding
experimental data for Bi2Sr2−xLaxCuO6+δ in the underdoped
regime taken from Ref. 7.
be obtained by evaluating the temperature-derivative of
the internal energies as,
C(a)v (T, δ) =
dU (a)(T, δ)
dT
= γa(T, δ)T, (11)
where a = s, n, and γa(T, δ) is the doping and temper-
ature dependence of the specific-heat coefficient. In this
case, we have performed a calculation for the specific-
heat coefficient, and the results of ∆γ(T, δ) = γs(T, δ)−
γn(T, δ) as a function of temperature in the underdop-
ing (a) δ = 0.09, (b) the optimal doping δ = 0.15, (c)
the overdoping δ = 0.18, and (d) the heavily overdoping
δ = 0.25 are plotted in Fig. 3 in comparison with the cor-
responding experimental data7 for Bi2Sr2−xLaxCuO6+δ
(inset). It is shown clearly that our present theoreti-
cal results capture all essential qualitative features of the
doping dependence of the specific-heat observed experi-
mentally on cuprate superconductors4–8. In the under-
doped regime, the specific-heat jump near Tc is strongly
suppressed, therefore there is no steplike specific-heat
anomaly near Tc, instead, it shows a humplike peak and
remains as long tail of γs(T, δ). However, in the optimal
doping, although the specific-heat anomaly is still not a
sharp steplike, it shows a symmetric peak, and therefore
there is a tendency towards to the steplike specific-heat
anomaly with increasing doping. This tendency is partic-
ularly obvious in the overdoped regime, where the long
tail appeared in the underdoped regime becomes much
shorter, then the specific-heat anomaly ends near Tc in
the heavily overdoped regime, and a steplike BCS tran-
sition with the absence of the long tail appears.
B. Doping and temperature dependence of the
condensation energy
For a superconductor, it undergoes a transition from
the normal-state to the SC-state because this transition
can lower the total free energy, and then the energy differ-
ence between the normal-state F (n)(T, δ), extrapolated
to zero temperature, and the SC-state F (s)(T, δ), is de-
fined as the condensation energy Econd(T, δ),
Econd(T, δ) = F
(n)(T, δ)− F (s)(T, δ), (12)
where the free energies are obtained in terms of the cor-
responding internal energies in Eqs. (9) and (10) as,
F (a)(T, δ) = U (a)(T, δ)− TS(a)(T, δ), (13)
with the related entropy of the system is evaluated from
the specific-heat coefficient in Eq. (11) as,
S(a)(T, δ) =
T∫
0
γa(T
′, δ)dT ′. (14)
Alternatively, this condensation energy can also be ob-
tained by integrating the difference in the specific-heat
coefficients in Eq. (11) in the normal-state and the SC-
state7 from zero temperature to Tc. In this cae, we plot
the condensation energy Econd(T, δ) as a function of tem-
perature at δ = 0.09 (solid line) and δ = 0.15 (dashed
line) in Fig. 4 in comparison with the corresponding ex-
perimental data7 for Bi2Sr2−xLaxCuO6+δ in the under-
doped regime (inset). Our results show that in the un-
derdoped regime, the condensation energy increases with
increasing doping, then it follows qualitatively a pair gap
type temperature dependence, and disappears at Tc, in
qualitative agreement with experimental data4–8.
C. Doping and temperature dependence of the
upper critical field
Now we turn to discuss the doping and temperature
dependence of the upper critical field Bc(T, δ). For a
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FIG. 5: Doping dependence of the upper critical field with
T = 0.002J for t/J = 2.5, t′/t = 0.3, and J = 110meV.
Insets: the experimental data for La2−xSrxCuO4 taken from
Ref. 15.
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FIG. 6: Temperature dependence of the upper critical field at
δ = 0.09 (solid line) and δ = 0.15 (dashed line) for t/J = 2.5,
t′/t = 0.3, and J = 110meV. Inset: the corresponding ex-
perimental result for the slightly underdoped YBa2Cu3O7−δ
taken from Ref. 13.
given doping concentration, the upper critical field is de-
fined as the critical field that destroys the SC-state at
the zero temperature, therefore the upper critical field
also measures the strength of the binding of charge carri-
ers into charge carrier pairs like the pair gap parameter.
This doping and temperature dependence of the upper
critical field is closely related to the doping and temper-
ature dependence of the condensation energy (12), and
can be obtained as,
1
2µ0
B2c (T, δ) = Econd(T, δ). (15)
In this case, we have performed firstly a calculation for
the doping dependence of the upper critical field Bc(T, δ)
at the low temperatures, and the result of Bc(T, δ) as a
function of doping with temperature T = 0.002J is plot-
ted in Fig. 5. For comparison, the corresponding exper-
imental result15 for La2−xSrxCuO4 is also shown in Fig.
5 (inset). Obviously, in analogy to the domelike shape
of the doping dependence of Tc and pair gap parameter,
the upper critical field increases with increasing doping
in the underdoped regime, and reaches a maximum in
the optimal doping, then decreases with increasing dop-
ing in the overdoped regime. This domelike shape of the
doping dependence of the upper critical field is well con-
sistent with the experimental data9–15. Furthermore, we
have discussed the temperature dependence of the upper
critical field, and the results of Bc(T, δ) as a function of
temperature at δ = 0.09 (solid line) and δ = 0.15 (dashed
line) are plotted in Fig. 6 in comparison with the cor-
responding experimental result13 of the slightly under-
doped YBa2Cu3O7−δ (inset). Our results indicate that
as in the case of the temperature dependence of the con-
densation energy shown in Fig. 4, the upper critical field
Bc(T ) also follows qualitatively the pair gap type tem-
perature dependence, i.e., it decreases with increasing
temperature, and vanishes at Tc, which is also qualita-
tively consistent with the experimental results9–15. Since
the upper critical field Bc(T, δ) (then the condensation
energy) is closely related to the difference between the
free energies in the SC-state and normal-state, the charge
carrier pair gap parameter is relevant as shown in Eqs.
(15) and (13), i.e., the variation of the upper critical field
(then the condensation energy) with doping and temper-
ature is coupled to the doping and temperature depen-
dence of the charge carrier pair gap parameter ∆¯h in
cuprate superconductors. In this case, our present re-
sults of the upper critical field and its domelike shape of
the doping dependence and pair gap type temperature
dependence also are a natural consequence of the results
for the charge carrier pair gap parameter and its dome-
like shape of the doping dependence and similar BCS
type temperature dependence in the framework of the
kinetic energy driven SC mechanism18 as shown in Fig.
1 and Fig. 2.
The doping and temperature dependence of the coher-
ence length ζ(T, δ) is one of the important characteris-
tic parameters of cuprate superconductors. Although it
can not be measured directly, it is closely related to the
doping and temperature dependence of the upper critical
field as ζ2(T, δ) = Φ0/2piBc(T, δ), where Φ0 = hc/2e is
the magnetic flux quantum. In this case, with the help
of the doping and temperature dependence of the upper
critical field in Eq. (15), we can obtain the doping and
temperature dependence of the coherence length ζ(T, δ),
and the results of ζ(T, δ) as a function of doping with
temperature T = 0.002J are plotted in Fig. 7 in com-
parison with the corresponding experimental data15 of
La2−xSrxCuO4 (inset). Obviously, the main feature of
the doping dependence of the coherence length ζ(T, δ)
obtained from the experiments15 is reproduced, where in
contrast to the case of the doping dependence of the up-
per critical field, the coherence length ζ(T, δ) in cuprate
7superconductors reaches a minimum around the optimal
doping, then grows in both the underdoped and over-
doped regimes.
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FIG. 7: The coherence length as a function of doping in T =
0.002J for t/J = 2.5, t′/t = 0.3, and J = 110meV. Inset: the
experimental results for La2−xSrxCuO4 taken from Ref. 15.
The essential physics of the humplike anomaly of the
specific-heat near Tc in cuprate superconductors in the
underdoped regime can be attributed to the emergence
of the normal-state pseudogap17. This follows a fact
that in the framework of the kinetic energy driven SC
mechanism18, the normal-state pseudogap state is par-
ticularly obvious in the underdoped regime as shown in
Fig. 1, i.e., the magnitude of the normal-state pseudogap
is much larger than that of the pair gap in the under-
doped regime, then it smoothly decreases upon increas-
ing doping as mentioned above. In this case, the sharp
peak in the charge carrier density of states in the ab-
sence of the normal-state pseudogap is spread out due to
the band split in the presence of the normal-state pseu-
dogap, reflecting a suppression for the strength of the
charge carrier density of states. In particular, this sup-
pression for the strength of the charge carrier density of
states follows the same doping dependent behavior of the
normal-state pseudogap, i.e., it decreases with increasing
doping. This strong suppression for the strength of the
charge carrier density of states in the underdoped regime
leads to a strong suppression of the specific-heat jump
near Tc, then the humplike anomaly near Tc with a long
tail in the underdoped regime is a natural consequence of
the spread of the charge carrier density of states. How-
ever, the range of this long tail decreases with increasing
doping as the suppression for the strength of the charge
carrier density of states decreases upon increasing dop-
ing. In particular, in the heavily overdoped regime, the
normal-state pseudogap merges with the charge carrier
pair gap parameter as shown in Fig. 1. This reflects
a fact that in the heavily overdoped regime, when the
temperature T = Tc, the charge carrier pair gap param-
eter ∆¯h = 0, and at the same time, the normal-state
pseudogap is negligible, i.e., ∆¯pg ≈ 0, this leads to a
disappearance of the suppression for the strength of the
charge carrier density of states near Tc. In this case,
the full charge carrier diagonal and off-diagonal Green’s
functions (5) near Tc can be induced as a simple d-wave
BCS formalism18,23,
g(k, ω) =
U2hk
ω − Ehk
+
V 2hk
ω + Ehk
, (16a)
Γ†(k, ω) = −
∆¯h(k)
2Ehk
(
1
ω − Ehk
−
1
ω + Ehk
)
, (16b)
although the pairing mechanism is driven by the ki-
netic energy by exchanging spin excitations, where the
charge carrier qasiparticle coherence factors U2hk = (1 +
ξk/Ehk)/2 and V
2
hk = (1 − ξk/Ehk)/2, and the charge
carrier quasiparticle spectrum Ehk =
√
ξ2
k
+ | ∆¯h(k) |2.
This simple d-wave BCS formalism (16) leads to that the
specific-heat anomaly ends sharply just near Tc. This is
also why the humplike anomaly near Tc with a long tail of
the specific-heat appeared obviously in the underdoped
regime is absent in the heavily overdoped regime.
IV. CONCLUSIONS
Based on the t-J model, we have discussed the dop-
ing and temperature dependence of the thermodynamic
properties in cuprate superconductors. By considering
the interplay between the SC gap and normal-state pseu-
dogap within the framework of the kinetic energy driven
SC mechanism, we have reproduced qualitatively some
main features of the doping and temperature dependence
of the specific-heat, the condensation energy, and the
upper critical field. The specific-heat shows a humplike
peak and remains as long tail in the underdoped regime,
however, this long tail is absent in the heavily overdoped
regime, and then the specific-heat shows a steplike BCS
transition, while the condensation energy increases with
increasing doping in the underdoped regime, and follows
a pair gap type temperature dependence. Moreover, in
analogy to the domelike shape of the doping dependence
of Tc, the maximal upper critical field occurs around the
optimal doping, and then decreases in both underdoped
and overdoped regimes. Our results also show that the
striking behavior of the specific-heat humplike anomaly
near Tc is closely related to the doping and temperature
dependence of the normal-state pseudogap. Since the
knowledge of the doping and temperature dependence of
the thermodynamic properties in cuprate superconduc-
tors is of considerable importance as a test for theories
of the normal-state and SC-state, the qualitative agree-
ment between the present theoretical results and exper-
imental data also provides an important confirmation of
the nature of the SC phase of cuprate superconductors
as a coexistence of the d-wave SC-state and normal-state
pseudogap state in the whole SC dome within the kinetic
energy driven SC mechanism.
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